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GEOMETRIC QUANTIZATION OF THE MODULI SPACE OF
THE VORTEX EQUATIONS ON A RIEMANN SURFACE
RUKMINI DEY
Abstract. In this note we quantize the usual symplectic (Ka¨hler) form on
the vortex moduli space by modifying the Quillen metric of the Quillen deter-
minant line bundle.
1. The Quantum bundle
In this note, we highlight a construction done and used in [4], [5].
We show that one can quantize the usual symplectic (in fact, Ka¨hler) form Ω
on the vortex moduli space, (notation as in [3]). This is done by constructing the
line bundle det∂¯A and modifying the Quillen metric by a factor of e
− i
4pi
∫
M
|Ψ|2
H
ω.
Let us denote this line bundle by P . This is the procedure followed by Biswas and
Raghavendra in constructing determinant bundles on the moduli space of stable
triples over a curve, [2]. They used the algebro-geoetric definition of the Quillen
bundle. In [3] we contructed the quantum bundle a differently introducing a special
section Ψ0, which is a bit unnatural.
We define P = det(∂¯ +A0,1) = det(∂¯A) which is well defined on A× Γ(L) (over
every (A,Ψ) the fiber is that of det(∂¯A)). We equip P with a modified Quillen
metric, namely, we multiply the Quillen metric e−ζ
′
A
(0) by the factor e−
i
4pi
∫
M
|Ψ|2
H
ω,
where recall ζA(s) is the zeta-function corresponding to the Laplacian of the ∂¯ +
A0,1 operator. We calculate the curvature for this modified metric on the affine
space, C. Let X = (α1, β) and Y = (α2, η) be in T(A,Ψ)C. The zeta part of the
metric contributes − i4pi
∫
M
α1 ∧ α2 to the curvature as is well known. The second
part e−
i
4pi
∫
M
|Ψ|2
H
ω, contributes to the second part of the curvature form namely,
−
i
4pi
∫
M
(βHη¯ − η¯Hβ)ω as follows:
Thus the curvature of P with the modified Quillen metric is indeed i2piΩ where
Ω((α1, β), (α2, η)) = −
1
2
∫
M
α1 ∧ α2 −
1
2
∫
M
(βHη¯ − β¯Hη)ω
on the affine space.
One can show (see for instance [5]), that this line bundle descends to the moduli
space of vortices, as long as the descendent of the symplectic form Ω is integral. The
integerality condition is satisfied if the volume of the Riemann surface is integral.
This has been showed in [6] when the authors computed the volume of the vortex
moduli space.
The quantum bundle is in fact holomorphic with respect to the complex structure
on the vortex moduli space and one can take square integrable holomorphic sections
as the Hilbert space of the quantization
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